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ABSTRACT Results of Monte Carlo calculations of order parameter profiles of lipid chains interacting with cholesterol are presented.
Cholesterol concentrations in the simulations are sufficiently large that it is possible to analyze profiles for chains which are near
neighbors of two or more cholesterol molecules, chains which are neighbors to a single cholesterol, and chains which are not near
any cholesterol molecules. The profiles show that cholesterol acts to significantly decrease the ability of neighboring chains to
undergo trans-gauche isomeric rotations, although these chains are not all forced into all-trans conformations. The effect is
significantly greater for chains which are neighbors to more than one cholesterol. The Monte Carlo results are next used as a guide
to develop a theoretical model for lipid-cholesterol mixtures. The properties of this model and the phase diagram which it predicts
are described. The phase diagram is then compared with experimentally determined phase diagrams. The model calculations and
the computer simulations upon which they are based yield a molecular mechanism for several of the observed phases exhibited by
lipid-cholesterol mixtures. The theoretical model predicts that at low temperatures the system should exhibit solid phase
immiscibility.
1. INTRODUCTION
Given that cholesterol is found in almost all animal cell
membranes in concentrations up to 50% by weight, the
inescapable conclusion is that an important role is
played by this molecule in membrane behavior. Yet,
after intensive study over the past two decades, this role
is not precisely known. What has emerged from the
experimental effort is a complex picture of the manner
in which cholesterol affects the physical properties of
lipids in bilayers (1). The sharp main lipid phase
transition becomes weakened with increasing choles-
terol concentration (2, 3) and a broad, diffuse transition
appears at higher temperature (3). Around 25 mol %
the main lipid phase transition disappears, and around
50 mol % the broad transition disappears. Above the
chain melting transition the lipid chain mobility and
average lateral area decrease with increasing cholesterol
concentration (4, 5). At temperatures below the phase
transition the lipid chain mobility is increased by the
presence of cholesterol (6).
In addition to the above equilibrium measurements,
there have been several NMR studies of the dynamical
aspects of lipid-cholesterol interactions (7, 8). These
studies indicate that cholesterol strongly affects the
slower, cooperative molecular motions of the lipids but
has a smaller effect on the fast timescale motions.
Phase diagrams for lipid-cholesterol mixtures have
been proposed by a number of workers using ESR
(9, 10), fluorescence anisotropy (11), neutron scattering
(12), and, most recently, Deuterium NMR (13). In
general the phase diagrams proposed are not in full
agreement with each other, and are perhaps affected by
the experimental probes in some cases. The recent
phase diagram proposed by Vist and Davis (based upon
differential scanning calorimetry and DMR experi-
ments) is likely the most reliable because no perturba-
tive techniques other than perdeuteration are involved.
From their experiments Vist and Davis have identified a
new lipid-cholesterol phase, which they call the ,B phase.
The Pi phase is a high-cholesterol content phase in which
lipid chains are generally highly ordered, but in which
there is rapid translational and axial rotational motion
of the lipid molecules. At temperatures below the main
lipid chain melting temperature and at cholesterol
concentrations between - 5% and - 23% the gel phase
coexists with the ,B phase. At temperatures above the
main chain melting phase transition there is a region of
coexistence between the fluid lipid phase and the ,B
phase. Near the pure lipid phase transition, at low
cholesterol content, there is a narrow region of coexist-
ence between gel and fluid lipid phases.
Ipsen et al. (14) have developed a theoretical model
for cholesterol in lipid bilayers which reproduces the
experimental phase diagram obtained by Vist and Davis.
This model consists of a lattice with sites occupied by
either cholesterol or DPPC (DPPC occupies two sites).
All molecular degrees of freedom are stored in Ising
variables which denote "ordered" or "disordered" chains,
and Potts variables which denote different types of
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ordered states. Although far more degrees of freedom
are associated with acyl chain conformations these are
all contained within the single Ising "disorder" state,
while the crystalline degrees of freedom are treated
explicitly in the Potts variables. Presumably the Potts
variables represent orientation of the ordered lipid in
some manner. In the mean field approximation the
parameters of this model can be set to values such that
the phase diagram of Vist and Davis is reproduced. This
effort is a useful first theoretical study of a complex
problem, but by using point particles (with only Ising-like
degrees of freedom) in a mean field approximation the
model masks the interplay between the microscopic
intermolecular interactions and correlations and the
observed phase properties. What is still missing is a
theory which unambiguously associates the observed
properties of lipid-cholesterol mixtures with specific,
direct microscopic interactions. This is in part because
accurate and unambiguous theories are difficult to
formulate and analyze, and also because the precise
nature of the lipid-cholesterol interactions is not well
understood.
In this paper we report the results of detailed Monte
Carlo studies of the interactions between lipid chains
and cholesterol in bilayers. We then describe how these
results may be incorporated into a theoretical model for
lipid bilayer phase transitions, and we show the pre-
dicted phase diagram for DPPC-cholesterol mixtures. In
the next section we describe the Monte Carlo calcula-
tions, and present the results. In Section III we describe
the theoretical model and the phase diagram the model
predicts. In Section IV we compare our model results
with the experimental phase diagram of Vist and Davis,
and with the theory of Ipsen et al.
II. MONTE CARLO STUDIES OF
LIPID-CHOLESTEROL INTERACTIONS
A. The Monte Carlo method
The Monte Carlo method has been used to study
interactions between lipid chains and cholesterol at
several cholesterol concentrations. This effort is an
extension of an earlier simulation (15) in which a system
consisting of a single cholesterol molecule in a planar
array of 99 lipid chains of varying length was analyzed
using the Monte Carlo (MC) method. The full details of
the simulation technique have been published elsewhere
(15, 16). As in the earlier work (15) the objective of the
simulations is to calculate MC average order parameter
profiles for chains which are near neighbors to choles-
terol, and to compare these profiles with those for chains
which are not close to cholesterol ("bulk chains"). The
profiles are defined by:
Sn = 1/2(3 COS2On - 1), (1)
where On is the angular deviation of bond n from its
orientation relative to the bilayer normal when the chain
is in the all-trans state. We have shown earlier that this
procedure produces order parameter profiles for chains
which agree with the measured profiles from Deuterium
NMR experiments (17). Furthermore, the average num-
ber of gauche bonds per chain is, after equilibration,
3.5 + 0.1 per chain for DPPC, close to the value of 3.8
estimated from thermodynamic considerations (18).
We have now extended the earlier calculations to
models with higher cholesterol concentration. Specifi-
cally, we have run MC simulations of the following
systems: (a) 3 cholesterol molecules and 97 lipid chains
of length C-14, C-16, and C-18. (b) 7 cholesterol mole-
cules and 93 lipid chains of length C-14 only. (c) 13
cholesterol molecules and 87 lipid chains of length C-14
only.
In all cases the previously described procedures were
followed (15, 16). Simulations were run at fixed area per
chain of 30 A2, at T = 300 K (sufficient for chain
disordering for all chains at the fixed molecular areas
used). Equilibration consisted of 40 x 1iO configurations
per chain, and averages were calculated over a further
30-40 x 103 configurations per chain. Errors were
estimated from fluctuations in values of the bond order
parameters calculated at intermediate steps during each
run. All simulations were run on the Cray XMP/48 at
the National Center for Supercomputing Applications
(Champaign-Urbana, IL).
B. Monte Carlo results
Figs. 1, a and b, show schematic pictures of a top view of
the simulation cell for the systems consisting of seven
and thirteen cholesterol molecules, respectively. Be-
cause the order parameter profiles for C-14 chains
calculated in simulations of 3 cholesterols plus 97 chains
proved to be nearly identical to those calculated in
simulations of 7 cholesterols plus 93 chains, only results
from the latter runs will be described in detail. The key
difference between the lowest two and the highest
cholesterol concentrations studied is (as shown in Fig.
1), at the lower concentrations no lipid chain is a near
neighbor to more than a single cholesterol. For the 13
cholesterol plus 87 chain simulations, there are 24 chains
which are near neighbors of two or three cholesterol
molecules. In all cases the cholesterols are not allowed
to undergo translational motion although the conforma-
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FIGURE 1 (a) Top view of a simulation array of 93 chains and 7 cholesterols. Small dots show locations of chains and large dots show locations of
cholesterols. The near neighbors of the cholesterols are connected by lines. (b) Top view of a simulation array of 87 chains and 13 cholesterols.
Small dots show locations of chains and large dots show locations of cholesterols. Neighbors of one or more cholesterols are connected by lines.
tions of the chains on each cholesterol are allowed to
change.
Discussion of the results of the calculations will be
confined in this paper to the simulations involving C-14
chains. The effect of increasing chain length has been
described in reference 15 for chains which are neighbors
to one cholesterol, and available computer time did not
allow for extension of this aspect of the study to higher
cholesterol concentrations.
Fig. 2 contains the major results from the simulations.
This figure shows order parameter profiles calculated
for chains which are near neighbor to more than one
cholesterol (from the 87 chain-13 cholesterol simula-
tions), chains which are near neighbor to a single
cholesterol, and bulk chains (the latter two profiles from
93 chain-7 cholesterol simulations). In the 87 chain-13
cholesterol simulations there are fewer bulk chains (45)
and chains which are neighbor to a single cholesterol
(18) than in the 93 chain-7 cholesterol runs (58 and 42,
respectively). This means that the profiles calculated in
the latter simulations show smaller fluctuations due to
finite size effects. Therefore the profiles calculated from
BOND NUMBER
FIGURE 2 Plot of order parameter profiles, (S(n)), vs. bond number
for bulk chains (solid line), chains neighbor to one cholesterol (dashed
line), and chains neighbor to two or more cholesterols (dot-dashed
line). Error bars are calculated as standard deviations in intermediate
averages calculated during production runs as in reference 15.
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the 93 chain-7 cholesterol simulations are more accu-
rate for bulk chains and chains which are neighbors to
one cholesterol only. Because the use of seven choles-
terol molecules allows for better sampling of the lipid-
cholesterol configuration space than the single choles-
terol simulations did (15) (42 chains are near neighbors
to a cholesterol instead of only 6), the profile for the
chains which are neighbors to a single cholesterol
molecule show fewer fluctuations due to small sample
size than were found in reference 15. The profile for
chains which are neighbors to a single cholesterol
follows closely the profile for the bulk chains although
the segments in the middle of the C-14 chains are slightly
more ordered if the chain is a cholesterol neighbor, as in
reference 15.
The profile in Fig. 2 for chains which are neighbors to
more than one cholesterol molecule reveals that these
chains are forced into configurations which are substan-
tially more ordered than in the other profiles. The error
bars on each of the profiles in Fig. 2 are indications of
the extent to which the given bonds are able to change
rotameric states after equilibrium is established. The
smaller error bars for most bonds between 2 and 8 for
the profile for chains adjacent to a single cholesterol are
a consequence of the restrictions on the rotational
mobility of these bonds. It is clear that, as in the earlier
work, the cholesterol inhibits the rotameric freedom of
its neighbor chains, although on average the neighbors
are not in all-trans conformations. The profile for chains
which are near neighbor to two or more cholesterols
shows a sharp dip at bond #3 which reflects this
inhibition. The dip has occurred because, on several of
the chains included in this profile, a kink has formed
which reorients bond #3 but leaves bonds 4-6 in trans
orientations. The steric presence of the two cholesterol
molecules makes this kink a relatively stable structure
during the simulation. It is very difficult for a chain to
undergo additional gauche rotations about its upper
carbons in the steric presence of two cholesterols as well
as other chains after equilibrium has been established.
Fig. 3 shows a typical configuration of a cholesterol
and two neighbor chains, taken from part of a larger
seven cholesterol C-14 simulation. This figure shows
how the flat side of the cholesterol molecule is more
likely to force a chain into an all-trans conformation, but
the rougher side is not as likely to do this. The fact that
error bars are larger for chains adjacent to two or more
cholesterols may be a consequence of unusual free
volume available to chains which are near two rough
cholesterol faces, although simulation data is not suffi-
cient for a definitive interpretation of this point.
The major conclusions to be drawn from the MC
calculations are that (a) Cholesterol promotes ordering
of chains which are initially in a fluid state, although the
chains are not all forced into all-trans conformations. (b)
This ordering is enhanced greatly for chains which are in
near-neighbor contact with two or more cholesterol
molecules. (c) Cholesterol reduces the freedom of neigh-
bor chains to undergo gauche rotations. That is, the
accessible configuration space of the chains is markedly
diminished with increasing cholesterol content.
For the purpose of devising theoretical models based
upon the simulations it would be helpful if the effects
above could be expressed quantitatively in a simple
mathematical function describing the decrease in chain
states with increasing cholesterol content. Unfortu-
nately the simulations only represent two data points in
a plot of chain restrictions vs. cholesterol content. It is
therefore impossible to uniquely quantify the nature of
the restrictions imposed on the chains by the cholesterol.
However, the qualitative trend is clear from Fig. 2, and it
is possible to define a theoretical model on this basis. In
the next section we describe such a model for lipid
bilayers containing cholesterol.
III. THEORETICAL MODEL
A. Definition of the model
The MC calculations in the previous section provide
insight into the interaction between lipid chains and
cholesterol in bilayers. We now utilize this insight to
define an analytical theoretical model for phase equilib-
ria in lipid bilayers containing cholesterol. To this end,
consider a flat monomolecular layer of DPPC molecules
representing half of a full bilayer. Now consider a
projection of the molecules in this layer onto a two-
dimensional flat plane. Lipid molecules with all-trans
bonds will roughly project as elongated rods with curved
ends. Lipid molecules with gauche bonds will project as
more complicated geometrical objects, but in a first
approximation we may again imagine these to be rods
with curved ends with different dimensions due to the
displacement of the chains caused by the gauche bonds.
We then have a two-dimensional fluid which consists of
a collection of rods of different size and having different
orientations in the plane. In this sense half of a lipid
bilayer may be modeled as a purely two-dimensional
fluid of hard rods with circular caps and with sizes
determined by the rotameric states of the molecules. We
show a schematic picture of the two-dimensional fluid
and the various phases such a fluid may exhibit in Fig. 4.
The above mapping is not practical if each of the many
rotameric states of a lipid molecule is assigned a uniquely
shaped shadow. Therefore, as a refinement we suppose
that all of the different rotameric states of the lipid
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FIGURE 3 A typical configuration produced during the simulations showing two lipid chains adjacent to a single cholesterol. Note that it is easier
for the chain adjacent to the flat side of the cholesterol to maintain an all-trans conformation.
chains may be grouped, as shadows, into a finite set of
rods with circular caps, in which the rotameric states
dictate the length of the rod. And, because more than
one rotameric state may map onto similarly sized rods, a
statistical weight is associated with each member of the
set. The energetics of trans-gauche isomerization also
require that an energy be assigned to each member of
the class. To allow for different orientations of the
shadows in the plane each shadow state is further
assigned as many substates as there are allowed molecu-
lar orientations. In reality there should be a continuum
of orientations, but this is clearly impractical. In this
paper we follow reference 19 and explicitly consider only
orientations which are multiples of 600.
This approach was first utilized by the author as a
basic model for the lipid bilayer chain melting transition
using hard disks of varying radius for the shadows (20),
and was later generalized to rod-shaped molecules with
circular caps (19, 21). The advantage of this approach is
that it is possible to calculate the thermodynamic proper-
ties of such a mixture of hard regularly shaped objects
quite accurately using Scaled Particle Theory (22). We
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FIGURE 4 Schematic picture of the two-dimensional hard rod shadow
fluid in three typical states. (Top) Orientational order and lipid chain
order (only the smallest rod states are present). (Middle) Orientational
isotropy and lipid chain order. (Bottom) Orientational isotropy and
lipid chain disorder (all rod states are present).
let ax denote the fraction of lipid molecules in shadow
state k (which will denote a specific capped rod size and
orientation), o, denote the statistical weight of this state,
and Ek denote the energy of the state due to the gauche
rotations. Then the molar Free Energy at absolute
temperature Tmay be written as:
_T k l (- +lA)1 -p2 ia(A
11~~~ 1 aka 'la dkdl2 \1 - pli ajAi| Wk\ 2
+ lkdl + dllk + lkl, sin k,l )
C NAHA
+ kk -R(k+
k RT(A 38)15' RT (2)
Here R is the gas constant, p is the particle density, Ak is
the projected area for a molecule in state k, and dk and lk
denote the cap diameter and the rod length of the
shadow associated with rod state k, respectively. OkJ is
the orientation angle between rods in states k and 1
(restricted to multiples of 600). C is an attractive energy
constant and the expression involving C represents an
integrated total attractive energy of the chains. II is the
lateral pressure on the chains, fixed at the value of 50
dynes/cm as discussed in references 20 and 19, andA is
the area per molecule (19). Table 1 gives the values of
the dimensions of the rod states, the attractive interac-
tion constants C for DPPC and cholesterol, the weights,
and the average number of gauche states for each rod
state. The energies Ek are found by multiplying this latter
value by 500 cal/mol. The hard rod cap sizes are the
same as earlier (19) but the lengths are slightly changed.
This is because in the earlier work the pretransition was
identified partially by the onset of molecular long-axis
rotation. Since it is now known that this transition is
caused by different packing interactions (23-25) the
shadow dimensions are readjusted so that at zero
cholesterol concentration the lipid phase transition
occurs at 41.4°C and involves both chain disordering and
rotational disordering. The attractive interaction con-
stant, C, is set equal to 1.26 x 102x, + 1.20 x 10\xc
kcal-A3/mol, where x, is the lipid concentration, equal to
TABLE 1 Model properties (xC Is cholesterol concentration)
Average no. Cap Weight
Lipid of gauche rotations diameter Length Weight reduction factor
I A
DPPC 0 5.25 3.58 1 1
2 5.25 4.17 24 1-4.5xr
3.79 5.25 4.86 280 1-4.5x,
5.90 5.25 5.66 1328 1-4.5xc-3xR
4.78 5.25 6.64 3288 1-4.5xc-3I
4.84 5.25 7.83 256 1-4.5xc
4.50 5.25 9.32 24 1-4.5x,
CHOL 0 7.00 1.00 1 1
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1 - xc. This places the main lipid phase transition at zero
cholesterol concentration in the model at 41.4°C.
The thermodynamic state of the system at a given
temperature and lateral pressure II is found by minimiz-
ing GIRT with respect to the area per molecule A and
the shadow state occupation variables ak. In general
there are many solutions of the minimization equations,
and at any T and II one must search the solution space
for the set of occupation variables which represents the
absolute minimum of the Free energy. Phase transitions
in a pure lipid system are identified by points at which
the set of ak which minimizes GIRT switches from, say, a
set representing an ordered state (all ak's zero except
those representing the smallest size shadows), to a
disordered state (in which the a'k's are all non-
negligible). In this way the model was set up earlier to
describe the main lipid bilayer phase transition. In
addition, for a certain range of length-to-width ratios for
the rods, two transitions occurred in the model. At a
lower temperature the model changed from a state in
which chains were ordered and the shadows were also
orientationally ordered to a state in which the chains
remained ordered but the orientational order vanished.
Then at a higher temperature the system changed from a
chain ordered to a chain melted state, as evidenced by
the appearance of shadow states of all allowed sizes and
orientations (19).
The model is extended to include cholesterol in the
lipid system by picking the appropriate dimensions for
the projection of the cholesterol molecule on the refer-
ence plane, and including states for the allowed orienta-
tions of the cholesterols. In Table 1 we list the values
assigned to the cholesterol states. The cholesterol shadow
cap diameter is larger than that for the lipids due to the
protruding CH3 groups, and the shadow length is smaller.
The assigned hard core area of the cholesterol is, in this
model, 45.4 A2, while the area of the smallest lipid
shadow state is 40.4 A2. The area of the smallest gauche
state shadow in the model is 43.5 A2, and the area of the
next state is 47.2 A2. It must be remembered that these
areas are "effective" molecular areas rather than actual
areas of, say, CPK models (26). The reason for this is
that hard objects pack at densities where the objects are
in actual contact, while van der Waals forces in molecu-
lar systems prevent this. Therefore in the hard rod
shadow fluid model for lipids, areas of the rods must be
similar to the areas per molecule of the lipids and the
cholesterol in the most dense gel phase.
To construct a realistic model for lipid-cholesterol
bilayers it is also necessary to incorporate the cholesterol-
lipid interactions observed in the simulations into the
theoretical framework. In the model described above
the natural way to include the restrictions on the
rotameric freedom of the lipid chains which cholesterol
induces is through the statistical weights associated with
the hard rod states. In earlier work (19, 20) these
weights were calculated from combinatorial arguments
based on the number of isomeric states with given
shadow dimensions. If the effect of cholesterol is to
reduce the number of rotameric states available to the
lipid molecules, then a straightforward way to include
this in the model is to systematically reduce the weights
as the cholesterol concentration increases. This is accom-
plished by multiplying each of the weights in Table 1 by a
function which decreases with the cholesterol content xC
(but which is never negative). The MC results of the
previous section suggest a linear xc dependance for this
function to account for the effect of isolated cholesterol
molecules on neighboring lipids, and a quadratic xC
dependance due to stronger restrictions on lipid chains
which are neighbors to two cholesterol molecules. The
coefficients of the linear and quadratic terms should
reflect both the number of chains affected by each
isolated cholesterol or pair of cholesterols, and the
degree to which the chains are restricted. However, the
mapping of lipid chain states onto hard disks is not
one-to-one, in that many more chain states are mapped
into certain disk states. Because the manner in which a
chain state is inhibited by steric interactions with choles-
terol depends on the exact steric shape the chain takes,
and because this level of detail is lost in the mapping
onto two-dimensional rods, the MC calculated effects
must be included in the model as effective interactions
between the cholesterol shadow states and the rod
shadow states. The coefficients used in this model for the
linear and quadratic contributions to the reduction in
statistical weights of the rod states are given in Table 1.
This particular set is chosen mainly for simplicity and to
obtain an initial phase separation line in the fluid phase
atxc 5%. The quadraticx, dependence is inserted only
for the states with the greatest weights, as these are most
strongly affected by pairs of cholesterols. The linear
weight reduction functions become zero atxC = 0.22 and
the quadratic functions vanish at xc = 0.20 so that above
22 mol % cholesterol the fluid lipid shadow states are
totally suppressed.
The extended model now contains a complex depen-
dence on the cholesterol concentration, which can lead
to phase separations. The procedure for calculating the
lipid-cholesterol phase diagram for this model is as
follows: (a) For fixed cholesterol concentration, temper-
ature, and lateral pressure find the set of ak's and area
per moleculeA for which the Free Energy, G in Eq. 1 is a
true minimum. (b) Repeat the above step for each
cholesterol concentration. (c) Plot the resulting Free
Energy versus cholesterol concentration. (d) Thermody-
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FIGURE 5 Typical plot of Gibbs Free Energy calculated after numeri-
cal solution of the minimization problem for T = 40°C. (Small-dashed
line) fluid phase solution. (Large dashed line) Beta phase solution.
(Solid line) L,. phase solution. The dotted lines are double tangent
lines. The points at which these lines intersect the minimum free
energy curve are the concentrations of the coexisting phases. The very
lowxc region is enlarged, showing the emergence of the c phase as the
dominant phase in this region.
namic stability dictates that the above curve must be
concave at all temperatures. If there are coexisting
phases then the curve will have a region in which the
required concavity does not hold. A double tangent
construction (27), illustrated in Fig. 5, then yields the
concentrations of the coexisting phases.
The theoretical modeling procedure is applied to
DPPC rather than DMPC (which was the model system
for the simulations) because DPPC is the system exam-
ined experimentally by Vist and Davis (13).
IV. MODEL PHASE DIAGRAM
The phase diagram calculated for the model by the
above procedure for the DPPC-cholesterol system is
shown in Fig. 6. The lines on this diagram are bound-
aries along which two phases coexist. The three phases
observed in the solutions to the minimization equations
are: La. an isotropic fluid phase with nonnegligible
fractions of the molecules in all accessible states; L,,, an
anisotropic phase in which only the smallest length rod
state with a single orientation is populated; and a X
phase. The X phase is characterized fully ordered chains,
in which the shadow states corresponding to lipids with
gauche chain conformations are unoccupied. However
the system remains rotationally isotropic, so that all
rotational states are equally populated.
The interplay among phases in this model is best
pictured in the Free Energy vs. cholesterol concentra-
tion plot of Fig. 5. As the figure shows at the plotted
temperature, T = 40.0°C, there are two double tangent
constructions. One double tangent line connects an L.
phase at xc = 3.5% to an L,, phase atxc = 1.1%, and one
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FIGURE 6 Phase diagram for the theoretical model. La denotes the
fluid lipid phase and L1,, denotes the ordered gel phase. 13 denotes the
chain-ordered, rotationally isotropic phase discussed in the text.
connects an L. phase at x, = 5.0% to a phase at xc =
40.0%. Because the two tangent lines are distinct, there
are two distinct regions of two phase coexistence. As the
temperature is lowered, the L. phase curve shifts up-
ward until, at 39.5°C the two dotted double tangent lines
coincide. This yields three coexisting phases, a L. phase
at 1% cholesterol, an La phase at 5% cholesterol, and a
13 phase at 40% cholesterol. Only at T = 39.5°C are there
more than two coexisting phases.
As the enlarged area of Fig. 5 shows, there is also a
point at - 0.5% at which the Free Energy curves for the
L
.
and the phases cross. In this region differences in
Free Energy between the LW and the 13 phases become
very small. Although the Free Energy curves for these
two phases cross in Fig. 5 the difference is sufficiently
small that the stable phase is still L,. That is, in the
temperature range over which the crossing occurs,
41.40C 2 T 2 380C, within the accuracy of the numeri-
cal method, the double tangent line contacts either the
Free Energy curve for the pure L,, phase or the point
where the LW and 13 phase Free energy curves cross.
At temperatures below 38°C a single double tangent
line runs from a L4 phase at xc < 0.5% to a phase at
xC 40%. This is the solid phase immiscibility region in
the model. Although a stable L4 phase may be present
for very small xc, the phases are for practical purposes
immiscible. Above the lipid chain melting temperature
of 41.40C the model system enters a coexistence region
between fluid and c phases as soon as the cholesterol
concentration rises above -5%, and a pure phase
occurs at all temperatures at cholesterol content to the
right of the coexistence line between - 40-60%.
At the qualitative level the calculated phase diagram
compares well with the experimental diagram of Vist
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and Davis (13) (after allowance for the different temper-
atures in the measurements due to the use of deuterated
PC). Both experiment and theory show qualitatively
similar types of phase sequences. The major quantitative
differences between theory and experiment are: (a) the
presence of the immiscibility region at low temperatures
and (b) the location of the coexistence lines on the
right-hand side of the diagram between the pure c phase
and the two phase region are in the range of 40-60%
cholesterol concentration in the theory, but are located
between 20-30% in the experimental data. In the next
section the above results are discussed.
V. DISCUSSION
The theoretical model described above was constructed
from an earlier model for lipid phase transitions (19, 21)
with qualitative input from the results of the MC
simulation results described in Section II. The hard rod
model provides a natural way to include the lipid-
cholesterol interactions observed in the MC runs into a
theoretical model which accurately includes the all-
important hard core intermolecular packing interactions
in its framework. To clearly identify the role of these
interactions the model is kept as simple as possible.
Therefore in the model the role of the cholesterol is
simply to reduce the attractive van der Waals energy of
the system slightly, and, more importantly, to reduce the
statistical weights of the chain states. Then comparison
of the model predictions with experiment reveals not
only the limitations of the model, but may provide
insight into the experimental data as well. As Fig. 6
shows the model predicts phase sequences which are in
partial accord with the experimental phase diagram of
Vist and Davis (13).
The critical properties of the model which are directly
responsible for the predicted phases are firstly, the
weight reduction factors, and, secondly, the dimension
of the cholesterol molecule (both given in Table 1). The
weight reduction factors are a natural way to express the
effect of cholesterol on the lipid chain isomerization.
Although the MC simulations sample lipid chain config-
uration space sufficiently to obtain accurate order param-
eter profiles and average number of gauche bonds per
chain the number of different cholesterol-lipid microen-
vironments simulated is effectively only two (isolated
cholesterols and pairs of cholesterols). This is insuffi-
cient to allow for extraction of a quantitative functional
form for the weight reduction factors used in the theory.
The weight reduction functions used in this work there-
fore represent the qualitative effect of isolated choles-
terol molecules (the linear term in xc), and pairs of
cholesterol molecules (the quadratic term in xc), on the
chain states as observed in the simulations. The coeffi-
cients of the linear and the quadratic terms cannot, as
explained above, be directly extracted from the simula-
tions. Different weight reduction functions yield phase
diagrams with the same qualitative features as Fig. 6, but
with the phase boundaries at different cholesterol con-
centrations. The narrow region ofLa- L., coexistence is
more senstitive to the nature of the weight reduction
functions.
Above the chain melting temperature the theory and
experiment are in full accord at lower cholesterol
concentrations. At higher xc the theory fails to predict
the pure c coexistence line at 25% cholesterol, in-
stead placing this line between 40% and 60% choles-
terol. Within about a degree below the chain melting
transition, the model predicts a narrow two phase region
consisting of La and L, phases. The experimental phase
diagram also contains a two phase region with a different
shape at about the same location, in which La and L'
phases are identified as coexistent.
The appearance of the solid phase immiscibility in the
model at low temperatures, and the marginal stability of
the narrow region of L, phase at low xc are both
consequences of the severe nature of the lipid-choles-
terol packing mismatch due to the different molecular
sizes. It is possible that the present model exaggerates
this effect by using impenetrable hard rods and only a
limited number of rotational states. However, it is also
conceivable that the absence of a pretransition in the
model brings the immiscible region closer in tempera-
ture to the main phase transition region. Although there
is no indication of an immiscible solid phase region in
the phase diagram of Vist and Davis (13), such a region
has been proposed earlier based on spin label studies (9,
10). It is plausible that at some very low temperature
such a region should exist in the experimental systems.
The coexistence line at the high cholesterol side of the
phase diagram is substantially higher than that observed
by Vist and Davis (13). This suggests that at higher
cholesterol concentrations, restrictions on lipid chains
become even stronger than Table 1 allows.
It is important to point out that all of the model
calculations are extremely sensitive to the dimensions
and relative shapes of the constituent molecules. Calcu-
lations carried out with the cholesterol rod dimensions
set at 6.8 A (cap diameter) by 1.1 A (rod length) show a
different phase diagram, in which there is a homoge-
neous gel phase at very low cholesterol concentration,
but there is no fluid-gel coexistence region in this case. It
should be emphasized that the extremely rigid shapes
and the shadow projection hypothesis which form the
basis for this model are most suspect in solid phases.
The use of a two-dimensional hard rod model for lipid
and cholesterol molecules in a bilayer is not without
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drawbacks. Firstly, as mentioned in the previous section,
the areas assigned to the hard rods are larger than
minimal areas as measured from CPK models. This is
required in the model to achieve the proper average
area per molecule for the system. The intermolecular
potential in the model contains only an attractive contri-
bution, so that without the enlarged "effective" molecu-
lar state areas the model system would collapse to an
unrealistically high density. The areas of the states used
in the model, and given in Table 1, represent the area
each molecule effectively excludes from all other mole-
cules. Secondly, the mapping of many lipid chain states
onto a few weighted rod states makes direct input from
the simulations far more difficult. Thirdly, the low
temperature orientationally ordered phase (Fig. 4, top
state) literally represents a system in which all molecules
have the planes of their hydrocarbon chains parallel.
There is no evidence to suggest that this extreme
orientation actually occurs (however in the gel phase in
real bilayers there are likely to be domains within which
there is locally parallel molecular orientation). It is clear
that in the lipid gel (L,,) phase there is little or no long
axis molecular rotation due to the low area per molecule
and to the anisotropic molecular shapes of the lipids.
The orientationally ordered low temperature lipid phase
of the theoretical model should be considered as an
extreme caricature of a chain ordered phase in which
molecular long axis rotation is forbidden. The mecha-
nism which drives a transition from orientationally
restricted states due to hard core packing to a state with
unrestricted orientation freedom is the same in both
cases, and is unambiguously described by this theoretical
model.
The model presented in this paper has much in
common with that of Ipsen et al. (14). Both models
include degrees of freedom which are not related to with
chain isomerization, and in both models these degrees of
freedom are the relevant order-disorder variables for
the formation of the P phase. The advantage of the
model described in the present paper is that these
degrees of freedom are explicitly assigned to molecular
rotation states whereas in the model of Ipsen et al. the
degrees of freedom are unspecified Potts-like spins
associated with the lattice points. The f phase in our
model is unambiguously associated with molecular rota-
tional isotropy and ordered chains, and is a basic phase
which occurs in general lipid crystalline systems consist-
ing of hard objects of anisotropic shape (28).
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